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A new method for computing near-optimal, minimum-time Earth-orbit transfers for solar electric propulsion
spacecraft has been developed. A direct optimizationapproach is utilized to solve the optimalcontrol problem. The
optimal thrust direction time history is computed by obtainingthe optimalblend of three extremal feedback control
laws. This approach is applied to long-durationorbit transfers, and the effects of Earth shadowing, oblateness, and
solar cell degradation are included in the simulation. The optimal trajectories computed using the direct approach
exhibit a very close match (within 1%) with the corresponding optimal trajectories obtained with a calculus of
variations approach. The direct method also exhibits robust convergence properties and is insensitive to the initial
guess of the optimization variables.

Nomenclature
a = semimajor axis, km
aT = thrust acceleration magnitude, m/s2

D = solar cell degradation factor
E = eccentric anomaly, deg
e = eccentricity
F = eccentric longitude, deg
Ga G e G i = weighting functions for the respective extremal

steering laws
g = acceleration at sea level, m/s2

h k p q = nonsingular equinoctial elements
Isp = speci� c impulse, s
i = inclination, deg
J2 = Earth oblateness coef� cient
M = 5 3 matrix for powered equations of motion
m = spacecraft mass, kg
n = averaged mean motion, a3 , rad/s
P = input power to the propulsion system, kW
RE = radius of the Earth, km
r = orbital radius, km
T = orbital period, days
t f = � nal time
ua ue = unit vector for the extremal in-plane steering law

for maximum a , e
= orbital velocity magnitude, km/s

x = state vector, a h k p q T

x = averaged state vector, a h k p q T

= 3 1 unit vector along the thrust direction in the
equinoctial frame

= orbital � ight-path angle, deg
= in-plane pitch steering angle, deg
= propulsion system ef� ciency
= in-plane thrust steering angle, deg
= Earth gravitational constant, km3/s2

= true anomaly, deg
= out-of-planeyaw steering angle, deg
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= particle � uence, 1 MeV particles/cm2

= particle � ux, 1 MeV particles/cm2/s
= terminal state constraints
= longitude of the ascending node, deg
= argument of perigee, deg

Subscripts

en = Earth-shadow entrance
ex = Earth-shadow exit
f = � nal
ob = oblateness
0 = initial

Superscript

= optimal

Introduction

T HE problem of obtaining optimal orbit transfers using low-
thrust propulsion has been investigated in great detail. A

popular topic for research involves computing minimum-fuel or
minimum-time near-Earth orbit transfers for solar electric propul-
sion(SEP) spacecraftandexamplesincludetransfersfrom lowEarth
orbit (LEO) to geosynchronous orbit (GEO) and geosynchronous
transfer orbit (GTO) to GEO. Examples of optimal near-Earth orbit
transfers using low-thrust propulsion include Refs. 1–5. For SEP
spacecraft with very low thrust-to-weight T W ratios, the result-
ing orbit transfer is a slowly developing spiral trajectory with thou-
sands of near-circular orbits about the Earth enroute to the desired
� nal orbit. Trips times for spacecraft with T W ratios on the order
of 10 5 are often greater than 6 months. This characteristic signi� -
cantly increases the complexity and sensitivityof the trajectory op-
timization problem. Furthermore, when Earth-shadow, oblateness,
and solar cell degradation effects are included, the trajectory opti-
mization problem becomes increasinglymore dif� cult.

Low-thrust trajectory optimization techniques fall into two cate-
gories: indirectmethodsand direct methods. Indirectmethods solve
the optimal control problem by obtaining the solution to the cor-
responding two-point boundary value problem (2PBVP), which re-
sults from the calculusof variations.A drawbackto indirectmethods
is that the 2PBVP is usually very sensitive and extremely dif� cult
to solve unless a good initial guess for the unknown initial costate
variables is available. An advantage of indirect methods is that if
the solution to the 2PBVP is obtained, then the resulting trajec-
tory is (in most cases) optimal. In contrast, direct methods solve
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the optimal control problem by adjusting the control variables at
each iteration in an attempt to continually reduce the performance
index. One advantage of direct methods is that it is usually easier
to produce a good initial control guess, which typically results in a
more robust optimizationmethod. A drawback to direct methods is
that convergenceto the solutionmay be slower comparedto indirect
methods.

The most widely used trajectory optimization program for this
class of low-thrust Earth-orbit transfers using SEP is SEPSPOT
(originally SECKSPOT).6 SEPSPOT was developed in the early
1970s and it utilizes a shooting method to solve the 2PBVP. The
prospect of solving the 2PBVP is very sensitive with respect to the
initial guess of the costate or adjoint variables and, therefore, this
code does not possess robust convergence properties. In addition,
SEPSPOT often fails to converge for cases that involve two or more
of the mentioned effects (such as shadowing, oblateness, or power
degradation).

This paper presents a new method for obtaining near-optimal
near-Earth orbit transfers. A direct optimization approach is used
to obtain the near-optimal transfer. The computation burden of nu-
merically integrating the thousands of near-circular Earth orbits is
relieved by utilizing orbital averaging techniques. The effects of
Earth shadowing, oblateness, and solar cell degradation are incor-
porated into the orbit transfer simulation.The extremalcontrol laws
that maximize the time rates of the orbital elements are used for the
thrust steering directions. We present trajectory solutions for SEP
spacecraft with an initial T W ratio of about 3 10 5 . Numerical
results are presented for three-dimensional LEO–GEO and GTO–

GEO transfers.

Trajectory Optimization
Equations of Motion

The dynamical equations of motion for the thrusting spacecraft
are presented in this section. To accommodate circular orbits (e
0) and fundamental-plane orbits (i 0 180 deg), the equations of
motion are written in terms of the nonsingularequinoctialelements.
The relationbetween the equinoctialelements a h k p q , and F
and the classical orbital elements a e i , and E is given by

h e sin (1)

k e cos (2)

p tan i 2 sin (3)

q tan i 2 cos (4)

F E (5)

The equationsofmotion for a spacecraftin an inverse-squaregravity
� eld and subject to a propulsive force are expressed in a compact
vector-matrix form:

x aT M (6)

In Eq. (6), the prime indicates the derivativewith respect to time.
The elements of the 5 3 matrix M are presented in Ref. 3 and are
shown in the Appendix. The thrust accelerationmagnitude is given
by

aT
2 P0 D

mgIsp

(7)

Note that the state equation for F is not included; this is because
orbital averaging is utilized and, therefore, only the slowly varying
elements are considered.

The computational load of numerically simulating a long-
duration, SEP orbit transfer is greatly reduced by using the method
of orbital averaging.6 Because the � ve orbital elements a h k p,
and q vary slowly with time due to the relatively small perturbing
propulsionforce, the averagetime rate of change for each respective
element can be computedand large integrationsteps (on the orderof
days) can be utilized in the numerical simulation.Orbital averaging
yields an approximation to Eq. (6) and is performed by calculating

the incrementalchange in each orbital element during a single orbit
and dividing by the period. The averaged time rates of change for
the equinoctial elements are

x
1
T

Fen

Fex

aT M
dt

dF
dF (8)

where x represents the approximation of the state and T is the or-
bital period. The overbar on the remaining variables (aT and M )
indicates evaluation using the averaged state vector x. The integral
represents the incremental change in an orbital element during one
revolution with all orbital elements held constant except for eccen-
tric longitude F . The eccentric longitudes Fex and Fen represent
the exit and entrance into the Earth’s shadow. The shadow exit and
entrance longitudes for a given orbit and epoch date are computed
by solving a quartic equation in cos F (see Ref. 6 for details). For
continuous-thrustcases without Earth-shadow effects, Fex and Fen

are set to and , respectively. The term dt dF divided by the
period T yields

dt

dF

1
T

1 k cos F h sin F

2
(9)

Two additionalstate equationsare required:oneequationformass
depletion and another equation for the time rate of change of the
particle � uence :

m
2 P0 D

gIsp
2

(10)

(11)

The � ux is a function of orbital altitude, latitude, solar cell type,
and array shield thickness (see Ref. 6 for details). Particle � ux is
interpolated from tabular data. The integrated particle � ux (the � u-
ence ) is then used to determine the solar cell damage factor D
through the use of interpolated tabular data. The damage factor is
unity(nopowerdegradation)when is less than10 12 particles/cm2

and approaches zero (total power loss) as approaches in� nity.
The averaged state equations for mass � ow rate and � ux are

m
1
T

Fen

Fex

2 P0 D

gIsp
2

dt

dF
dF (12)

1
T

dt

dF
dF (13)

Note that the averaged � ux equation (13) does not depend on the
Earth-shadow conditions.

The effect of Earth oblateness (due to J2) on the orbital transfer
can be included by appending the averaged perturbation equations5

to the respective right-hand sides of Eq. (8):

hob hk k (14)

kob hk h (15)

pob pqq (16)

qob pq p (17)

where

hk
3 R2

E J2[1 6 p2 q2 3 p2 q2 2]

2na5 1 h2 k2 2 1 p2 q2 2
(18)

pq
3 R2

E J2 1 p2 q2

2na5 1 h2 k2 2 1 p2 q2
(19)

The complete low-thrust system is governed by Eqs. (8) and (12–

17).



KLUEVER AND OLESON 511

Problem Statement
The optimal control problem treated here is a free end-time prob-

lem and involves both control functions and control parameters. In
the three-dimensionalsetting, the problemcan be stated formally as
follows.

Find the optimal thrust direction time history t , 0 t t f ,
and the � nal time t f that minimize

J t f (20)

subject to the averagedequationsofmotion [Eqs. (8), (12), and (13)]
with the boundary conditions at t 0:

x 0 x0 (21)

m 0 m0 (22)

0 0 (23)

and the terminal state constraints

[x t f t f ] x t f x f 0 (24)

The performance index (to be minimized) given in Eq. (20) is the
orbit transfer time. The initial state conditions (21–23) de� ne the
initial Earth orbit, initial spacecraft mass, and initial particle � u-
ence. The terminal state constraints (24) enforce the desired orbital
elements at the end of the transfer. The goal is to compute the opti-
mal thrust direction control t so that the desired orbit transfer
is completed in minimum time.

Solution Method
As mentioned in the Introduction, a direct approach is used to

solve the trajectory optimization problem. In particular, the previ-
ously de� ned optimal control problem is replaced with a nonlinear
programming (NLP) problem, which in turn is solved by using a
gradient-based optimization method. To use a direct method, the
continuous control function [the thrust steering direction t ]
is parameterized by a discrete number of optimization variables.
Therefore, the solution to the original trajectory optimization prob-
lem is obtained by solving the associated constrained parameter
optimization problem. The manner in which the control function

t is parameterizedis discussedin thenext section.We utilize se-
quential quadratic programming (SQP) to solve the constrainedpa-
rameter optimizationproblem. The SQP code used here is NPSOL,
which computes the gradients with both forward and central � -
nite differences.7 The terminal state constraints (24), which require
matching between the � nal orbital elements and the desired bound-
ary conditions, are enforced through SQP equality constraints.

Thrust Steering Laws
To minimize the end time for the orbital transfer and meet the

boundary conditionsof the desired � nal orbit, the optimal thrust di-
rection time history t must be computed. Because we are con-
cerned with very low-thrust acceleration levels, the transfer time is
on the order of hundreds of days, which results in thousands of or-
bital revolutionsabout the Earth enroute to the � nal orbit.Therefore,
the prospect of parameterizing the thrust steering control function

t with a reasonable number of design parameters is a challeng-
ing task. A simple approach to parameterizinga continuouscontrol
function (for example, the pitch and yaw thrust steering angles) is
to use linear or cubic spline interpolation through a set of discrete
control parameters spaced along the time axis. However, for the
problem at hand, this approach would require hundreds of design
parameters (even with the use of orbital averaging) for an accurate
parameterizationof the control.

Our approach to parameterizing the thrust direction is to use a
blend of extremal feedbackcontrol laws for the in-planeand out-of-
plane steering angles. A similar approach was introduced in Ref. 3,
whereextremalsteeringlaws that maximizevariousorbitalelements
were derived.The (nonoptimal) orbital transferspresented in Ref. 3
utilized separate extremal control laws for each discrete burn arc,
i.e., the � rst burnmaximizeda , the secondburnperformedthe plane

change, etc. In our approach, the respective extremal steering laws
are blended so that the orbital elements are controlled simultane-
ously and the transfer is completed in minimum time.

The � rst feedback control law maximizes the time rate of change
of the semimajor axis a and is derived from the governing equation
of motion for a:

a 2a2 aT cos (25)

where is measured from the velocity vector to the projection of
the thrust vector onto the orbit plane. The optimal in-plane steer-
ing angle that maximizes the rate a is found by setting the partial
derivative a equal to zero:

a 2a2

aT sin 0 (26)

Therefore,the extremalsteeringlawformaximuma (andmaximum
total energy rate) is 0, i.e., align the thrust vector with the
velocity vector.

The extremal feedback steering law for maximum eccentricity
rate is derived in a similar fashionby observing the governingequa-
tion of motion for e:

e aT [2 e cos cos r a sin sin ] (27)

Again, the partial derivative is set to zero, which yields

e aT
2 e cos sin

r

a
sin cos 0 (28)

or

2a e cos sin r sin cos (29)

Therefore, the extremal steering law for e is

tan
r sin

2a e cos
(30)

At this point, the second partial derivative 2e 2 must be com-
puted to determine if Eq. (30) maximizes or minimizes e . Comput-
ing the partial derivative of Eq. (28) yields

2e
2

aT
2 e cos cos

r

a
sin sin (31)

The following expressions for sin and cos are derived from
Eq. (30):

sin
r sin

[r 2 sin2 4a2 e cos 2]
1
2

(32)

cos
2a e cos

[r 2 sin2 4a2 e cos 2]
1
2

(33)

Substituting Eqs. (32) and (33) into Eq. (31) yields

2e
2

aT 4a2 e cos 2 r 2 sin2

a[r 2 sin2 4a2 e cos 2]
1
2

(34)

Therefore, 2e 2 0 at everypoint in the orbit,which maintains
that the feedback law (30) maximizes e .

A feedback steering law for the the out-of-plane (yaw) steering
angle is derived by observing the time rate equation for inclina-
tion i :

i
r

a 1 e2
cos aT sin (35)
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where the yaw steering angle is measured from the orbit plane to
the thrust vector. The partial derivative of Eq. (35) with respect to

yields

i r

a 1 e2
cos aT cos 0 (36)

Therefore, a yaw steering angle of 2 results in the maximum or
minimum inclination rate. The second partial derivativeof Eq. (35)
yields

2i
2

r

a 1 e2
cos aT sin (37)

Because the extremal law for maximizing the inclination rate re-
quires that 2i 2 0, we obtain the feedback law for maxi-
mum i :

2 if cos 0

2 if cos 0
(38)

AlthoughEq. (38) providesthe optimal steering law for maximizing
i , any out-of-plane steering is essentially wasted when the angle

is near 90 deg. Therefore, the yaw steering law

2 cos (39)

provides a good feedback steering law for near-maximum positive
inclination rate change and does not waste the thrust force near

90 deg.
The optimal thrust steering direction t is obtained by the

optimal blend of the two in-plane feedback steering laws and the
out-of-plane feedback steering law. The basic steps are as follows.

1) Compute the two unit vectors ua and ue that de� ne the in-plane
steering laws for maximum a and e . These unit vectors are ex-
pressedin a local radial–transverse–normal (RTN) coordinateframe
where the R axis is along the radial direction, the T axis is in the
orbit plane along the transverse direction, and the N axis is normal
to the orbit plane. A general expression for the in-plane unit vector
is

ua e [sin cos 0]T (40)

where the � ight-path angle is measured from the local horizon
to the velocity vector. The steering angle is computed from the
respective extremal feedback law.

2) Compute the blended in-plane thrust direction unit vector u in
the RTN frame

u
Gaua G eue

Gaua G eue
[sin cos 0]T (41)

where the values Ga and Ge are weights for each in-plane steering
law and the pitch steering angle is measured in the orbit plane
from the horizon to the projection of the thrust vector.

3) Compute the yaw steering angle by weighting Eq. (39):

G i 2 cos (42)

where the weighting function G i scales the amplitude of the yaw
steering pro� le.

Table 1 Mission characteristics for minimum-time problems

a0 i0, 0 , 0 , m0 , Isp , P0 , , Degradation
Case RE e0 deg deg deg kg s kW % effect

1 1.063 0.0 5.2 0.0 0.0 5500 1800 30 55 No
2 1.086 0.0 28.5 0.0 0.0 1200 3300 10 65 No
3 1.086 0.0 28.5 0.0 0.0 1200 3300 10 65 Yes
4 3.820 0.731 27.0 99.0 0.0 450 3300 5 65 No

4) Compute the unit vector [ 1 2 3]T along the thrust
direction in the equinoctial frame from the pitch and yaw steering
angles:

1 cos cos
X

X 2 Y 2

sin cos
Y

X2 Y 2
(43)

2 sin cos
X

X2 Y 2

cos cos
Y

X 2 Y 2
(44)

3 sin (45)

where X and Y are functions of the equinoctial elements and are
presented in the Appendix.

The thrust direction t is parameterized by the three feedback
steering laws and the three weighting functions. Therefore, the op-
timal steering t can be obtained by computing the optimal set
of weights Ga t , Ge t , and G i t that minimize the transfer time
and result in a trajectory that satis� es the boundary conditions.The
weighting functions become the optimization variables in the NLP
problem. Because only the relative scale of the weights is impor-
tant, the weighting function Ga t is arbitrarily set to unity for all
time so that the dimensionof the NLP problem is reduced.The time
histories of the weighting functions Ge t and G i t are obtained
by linear interpolation through a discrete set of nodes. Therefore,
the nodal values of the weights are the optimization variables for
the NLP problem.

Numerical Results
Several optimal orbit transfers are computed for a variety of mis-

sion scenarios and simulation conditions to demonstrate the direct
method. The discrete set of control nodes for Ge and G i and the
transfer time t f are the SQP optimization variables for the NLP
problem. In all cases investigated,we parameterizedeach weighting
function with linear interpolation through 21 nodes equally spaced
along the time axis. Therefore, every NLP problem consisted of 43
total optimization variables. Gaussian quadrature is used to eval-
uate the integrands in Eqs. (8), (10), and (11) required for orbital
averaging. The averaged state equations are numerically integrated
by using a standard � xed-step, fourth-order Runge–Kutta routine.
A two-day integration time step was determined to be suf� cient for
acceptable numerical accuracy and was used in all cases.

A summary of the four mission scenarios is presented in Table 1.
For all fourcases, thedesired� nal orbit is GEO with a 42,164km,
e 0, and i 0 deg. Case 1 represents a spacecraft inserted into
LEO by an Ariane launch vehicle. The electric propulsion thruster
for case 1 is a Hall thruster. Cases 2 and 3 represent a LEO–GEO
transferwith xenon ion thrusters and a Taurus launch vehicle for in-
sertion into LEO. The initialconditionfor case 4 is GTO via a Taurus
launch vehicle. Ion thrusters are used for the GTO–GEO transfer in
case 4. All four cases involve Earth-shadow and oblateness (J2 ) ef-
fects. For Earth-shadowcomputationalpurposes, the start of the or-
bit transfer for all cases was arbitrarilyset at Jan. 1, 2000.For power
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degradationcomputationalpurposes,i.e., case3, it was assumed that
the solar array utilizes GaAs cells with 16 mil of shielding.

Table 2 presents a comparisonof the solutionsobtainedby the di-
rect method (DM) and SEPSPOT. As indicated in Table 2, the trans-
fer times for the near-optimal solutions are less than 1% greater
than the optimal transfer times computed by SEPSPOT. In addi-
tion, note that the minimum transfer time computed by the DM
for the case with power degradation effects (case 3) is 8% less than
the minimum transfer time obtained with SEPSPOT. This improve-
ment in trip time can be explainedby observingthe transfer through
the radiation belts. The trajectory computed by the DM begins the
transfer by raising altitude as quickly as possible without chang-
ing the inclination whereas the trajectory computed by SEPSPOT
raises altitude and decreases inclination simultaneously.Therefore,
the DM trajectory completes the passage through the most severe
region of the belts in a minimum-time fashion and at high latitudes
where radiation dosages are attenuated. The SEPSPOT trajectory
passes through the severe radiation region at a slower pace (because
a plane change is also being performed) and, therefore, the solar
cell degradation is worse than the DM trajectory. For example, at
t 90 days into the transfer, the SEPSPOT trajectory has i 22 7
deg and a 10,904 km, whereas the DM trajectory has i 27 5
deg and a 12,142 km. The accelerated passage through the ra-
diation belts for the DM trajectory results in a � nal power level of
6.5 kW; the � nal power level of the SEPSPOT trajectory is 5.9 kW.
One explanation for the inferiorityof the SEPSPOT solution is that
SEPSPOT has locateda localminimum; this may be attributedto the
initial costate guess, which was derived from a previous SEPSPOT
trajectory solution that did not include degradation effects.

The time histories for semimajor axis, eccentricity, and inclina-
tion for cases 1 and 4 are presented in Figs. 1–3 and 4–6, respec-
tively. Note that very little difference exists between the optimal
(SEPSPOT) and near-optimal (DM) time histories. The pitch and
yaw thrust direction angle histories for case 1 are presented in
Figs. 7 and 8. Pitch and yaw historiesare presentedfor a single rev-
olution at the beginning, middle, and end of the orbit transfer. The
steering angles are arti� cially set to zero when the spacecraft en-
countersEarth-shadowconditions.Note that the pitch steeringangle
follows the velocity vector during the majority of the transfer, i.e.,
near-tangent steering. The yaw steering angle amplitude becomes
larger as the transfer progressesbecause inclinationchange is more
ef� cient at higher altitudes and slower orbital velocities. The pitch
and yaw thrust steering histories for case 4 are presented in Figs. 9
and 10. The in� uence of the maximum eccentricity-rate steering

Table 2 Comparison between near-optimal
and optimal solutions

t f (DM), t f (SEPSPOT), Error (SEPSPOT DM),
Case days days %

1 168.2 167.8 0 24
2 200.3 198.8 0 75
3 285.4 310.7 8.14
4 67.0 66.6 0 60

Fig. 1 Semimajor axis vs time for case 1.

Fig. 2 Eccentricity vs time for case 1.

Fig. 3 Inclination vs time for case 1.

Fig. 4 Semimajor axis vs time for case 4.

Fig. 5 Eccentricity vs time for case 4.
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Fig. 6 Inclination vs time for case 4.

Fig. 7 Pitch steering angle vs time for case 1.

Fig. 8 Yaw steering angle vs time for case 1.

Fig. 9 Pitch steering angle vs time for case 4.

Fig. 10 Yaw steering angle vs time for case 4.

law is evident in Fig. 9 because eccentricity must be reduced from
e 0 731 (GTO) to zero. Note that the yaw steering is greatest
at the beginning of the transfer; this occurs because the spacecraft
has the slowest orbital velocity at GTO apogee as compared to the
remainder of the orbit transfer and, therefore, the inclinationchange
is most ef� cient at that point.

Note that a main advantage of the DM is its robust convergence
property for a range of mission scenarios. All solutions presented
herewere obtainedwith an initial guesswith smallweightsfor Ge t
and G i t , i.e., the initial guess results in a near-planartransferwith
the thrust vectoralignedwith the velocity.The robustnessof the DM
is in direct contrast with SEPSPOT, which is extremely sensitive to
the initial guess, i.e., the costate variables, and often experiences
convergencedif� culties when effects such as power degradationare
included.

Conclusions
A new trajectory optimization method for computing near-

optimal,minimum-timeEarth-orbit transfersfor SEP spacecrafthas
been developed.The method utilizes a direct optimizationapproach
to solve the optimal control problem. The thrust direction time his-
tory is parameterizedby combining three extremal feedbackcontrol
laws and the optimal thrust steering is obtained by computing the
optimal weights for each feedback law. This approach is applied
to long-durationorbit transfers and the effects of Earth shadowing,
oblateness,and solar cell degradationare included in the simulation.
Several numerical examples are presented.

The optimal trajectories computed using the direct approach ex-
hibit a very close match with optimal trajectories obtained with a
calculus of variations approach (SEPSPOT). In a case that involves
solar cell degradation effects, the DM produces an optimal trajec-
tory with a transfer time that is less than the optimal transfer time
obtained via SEPSPOT. The DM is insensitive to the initial control
variableguess and displays robust convergenceproperties.This tra-
jectory optimization method would be a useful preliminary design
tool for mission designers.

Appendix: Matrix Elements for Equations of Motion
The elements of the matrix M from Eq. (6) are presented in this

section. The additional variables introduced in the Appendix are
not included in the Nomenclature inasmuch as many are dummy
variables. The elements are

M11 2a nr [hkb cos F 1 h2b sin F] (A1)

M12 2a nr [ 1 k2b cos F hkb sin F] (A2)

M13 0 (A3)

M21
G

na2

X

k
hb

X

n
(A4)
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M22
G

na2

Y

k
hb

Y

n
(A5)

M23 k Gna2 qY pX (A6)

M31
G

na2

X

h
kb

X

n
(A7)

M32
G

na2

Y

h
kb

Y

n
(A8)

M33 h Gna2 qY pX (A9)

M41 0 (A10)

M42 0 (A11)

M43 K Y 2Gna2 (A12)

M51 0 (A13)

M52 0 (A14)

M53 K X 2Gna2 (A15)

X a[ 1 h2b cos F hkb sin F k] (A16)

Y a[ 1 k2b sin F hkb cos F h] (A17)

X a2n r [hkb cos F 1 h2b sin F] (A18)

Y a2n r [ 1 k2b cos F hkb sin F] (A19)

X

h
a h cos F k sin F b

h2b3

1 b

a

r
cos F hb sin F (A20)

X

k
a h cos F k sin F

hkb3

1 b
1

a

r
sin F sin F hb

(A21)

Y

h
a h cos F k sin F

hkb3

1 b
1

a

r
cos F kb cos F

(A22)

Y

k
a h cos F k sin F b

k2b3

1 b

a

r
sin F cos F kb (A23)

G 1 k2 h2 (A24)

b 1 1 G (A25)

n a3 (A26)

r a 1 k cos F h sin F (A27)

K 1 p2 q2 (A28)
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